GOSFORD HIGH SCHOOL

Year 12

2008

Higher School Certificate

MATHEMATICS EXTENSION I

Half Yearly Examination

Time Allowed: 2 Hours + 5 minutes reading time

Instructions:

Start each question in a new booklet (extra booklets are available).
Attempt questions 1-7.

All questions are of equal value.

Board approved calculators may be used.

Write using black or blue pen.

A table of standard integrals is provided at the back of this paper.
All necessary working should be shown in every question.
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QUESTION 1: (12 Marks) Use a separate writing booklet.

a. Expand and simplify

(Bx = 5)(2x + 1) - (2x +3)’

b. Factorise completely

Xz +xyz+yz-x +)°

¢.  Differentiate with respect to x

Gx+1°(x-9)
Expressing your answer in a form that is fully factorised.

d. Divide P(x)=3x"-7x +8x* -5
by x-2 and write P(x) inthe
form P(x)=(x—-2)Q(x)+ R(x)

e. If a, B,y are the roots of
¥ —-2x2+3x-5=0
Evaluate:
ii. afy

|
iii. —+—+—

Marks
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QUESTION 2:- (12 Marks) Use a separate writing booklet.

a. Differentiate sin’x with respect to x.
' x

b. Find |4sec?(=)dx
Jase’ )

c. Solve 2cos®x~+3cosx=0
for 0<x <2z, writing your answers in exact radian form.

d. . Express 6sinx +8cosx in
the form Asin(x+68) where A >0,
0<o<Z
2
ii. Hence, solve 6sinx+8cosx =5

for 0<x<2x

(Answers in radians correct to 2 decimal places)

cosé _1-t

e. Show that — =
sind+1 1+¢

where = tang

f. The area under the curve y =sinx + cosx above the X axis
and between x = 0 and x =% is rotated about the x axis. Find

the volume of the solid of revolution formed. (Leave answer in exact Sform)

Marks
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QUESTION 3: (12 Marks) Use a separate writing booklet.

Marks
a. Two points P(2ap, ap®) and Q(2aq, 'aqz) lie on the parabola x* = 4ay
i. Show that the equation of the tangent to parabola 1
atPis y= px—ap’
ii. = The tangent at P and the fine through Q parallel to the y axis 1
intersect at T. Find the co-ordinates of T.
iii. Write down the co-ordinates of M, the midpoint of PT 1
iv. Describe the locus of M when pg = —1 : 1
X
Y*%
x2

Let P(2a,a*) be a point on the parabola y = T
and let S be the point (0,1).
The tangent to the parabola at P makes an angle of £
with the x axis. The angle between SP and the tangent is &.
Assume that a > 0.
Show that

1
i tanf=a
. . .1 1 1
ii. the gradient of SP is E(a -=) -

a

1
1il. tang = — 9

a

Question 3 continued next page



Question 3 (Continued)

(Not to scale)

P 1 km - Q

The angle of elevation from a boat P to a point T -at the top of a vertical
cliff is measured to be 30°. The boat sails 1 km to a second point Q, from
which the angle of elevation of T is 45°. Let B be the point at the base of
the cliff directly below T and let h = BT, the height of the cliff in metres.
The bearings of B from P and Q are 50° and 310° respectively.

i.  Showthat ZPBQ=100°

ii. Find expression for PB and QB in terms of /
iii. Hence, show that
B 10007

T ot 30° + cot? 45° — 2cot30°cot 45°¢cos100°

v, Use a calculator to find the height of the cliff, correct to the
nearest metre.
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QUESTION 4: (12 Marks) Use a separate writing booklet.

a. Given that

! + L B R + ! = k
x4 4x7 Bk -2)(3k+1) 3k +1
prc;ve that
| 1 1 1 _ k+1

+ + + + =
x4  4x7 Gk~2)Gk+1) Gk+1D3k+4) 3k+4

b. Use the principle of Mathematical Induction to prove that
2% —3" is divisible by 5

for all positive integers »

C. i Prove that f{x) = x* +3x—18 has a root in
the interval 2 <x <2.5

ii. Use one application of the “halving the interval’ method
to find a smaller interval containing the root.

iii.  Which end of the small interval found in (i) is closer
to the root. Justify your answer.

d. Given that 9.5 is an approximate root of
x*~6x" +25x—500=0, find by Newton’s Method
a better approximation. (Give your answer to
2 decimal places.)

Marks
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QUESTION 5:- (12 Marks) Use a separate writing booklet.

Marks
a. Find: _
. J‘c?sx e 1
sin x
i [fsin’4xd 2
b. Use the table of standard integrals to evaluate:
r dx ' 2
2 ’x2 _4
C. Evaluate:
T 5 2
jo (I+cosx)dx
d. Find:
_[ x cla, 2
N+ x? '
Using the substitution x=tan@
e. Evaluate

3 3x
—_—X
'[’\/1+x -

~ Using the substitution u=1+x
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QUESTION 6: (12 Marks) Use a separate writing booklet.

a. A tangent is drawnto y=2tan”' x at point P where x =1
i Find the y co-ordinate of P.
ii.  Find the gradient of the normal at P.
b. Evaluate
J-JE 4
0 94 x?
c. Determine the exact value of

cos| sin
13

d. For f(x)=x*-6x+6
i Find the co-ordinates of the vertex.

ii. Explain why f{x) does not have an inverse function
and state the restricted domain of f{x) over which

an inverse exists which contains all positive x values.

Call this inverse function y = f'(x)
iii.  State the domain of f™'(x)
iv.  Find an expression for y = f'(x) in terms of x.

V. Find the x values for the points of intersection of

y=f(x) and y=f7(x)

Marks
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QUESTION 7: (12 Marks) Use a separate writing booklet.

Marks
-1-2
a. Solve ——|-J-C-—-—-|-——2 20 ’)
[2+x—-x
b. A function y= f(x) is defined by
x)=2cos™ i] —sin™{l - x?
1) ( 7 |-sin-)
and restricted to values of x>0
1
i. Find the domain of f(x)
ii.  Find f1x) : 2

iii. Hence, sketch y= f(x) ’ 1

C. Prove that:

sin 3_x |
2 1 3

— " L = 1CcoSX
25in(£j 2
2

d. Given that the equation

P(x)=x" —4kx® +12 3
has a double root, find all possible value(s) of k

END OF TEST



STANDARD INTEGRALS

1 .

x" dx =yl ) x#£0,ifr<0
) n+l

(1 .

—dx =Ilnx, x>0

X
J

[ 1

e® dx =—e%, az0
) a

f 1.

cosax dx =_sinax, a#0
o

[ 1

sinaxdx =——cosax, a#0
) a .

[ 1

-sectax dx = —tanax, az0

[
Jsecax tanaxdx =-_secax, a#0

1 1 _x
sy dx =—tan”'=, a=#0
Ja +x a a
([ 1 X
dc  =sin"!'Z, a>0, —a<x<a
2 2 a
S ANaT — X

. .
——l—dx =1n(x+\fx2—-a2), x>a>0

J——zl—dx =ln(x+ﬁx%+a2)
X

NOTE : lnx=log,x, x>0

~10 -
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